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Motivation

Many variables are spatial in extent, e.g., rainfall, petroleum, elevation
The use of univariate or even multivariate statistical models may be too

restrictive.
O An example would be to try to estimate the expected surface of a pollutant

exceeding some critical level ucaf in a study region X C R? i.e.,

O

Area (ucrit) =E [/ 1{Y(s)>ucr;t}d3] 3
X

where Y (s) is the amount of pollutant at location s.
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Different type of spatial data

[0 geostatistical data: data are defined on X, e.g., rainfall;

0 punctual data: the data are over some space &, e.g.,
tree locations.

O lattice data: data are , €.g., number of citizen in
counties.

Figure 1: The three different type of spatial data. From left to right: geostatistical (Calcium concentration),
punctual (location of lung and larynx cancer in Chorely—Ribble) and lattice data (town population in the 25
counties of Ireland).
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The Ca,; data set
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Stochastic processes (reminder)

Definition 1. A defined on X is a collection of random
variables indexed by X on the (Q, F,Pr).

Proposition 1. A stochastic process {Y (s): s € X'} is completely characterised
from its finite dimensional distribution functions, i.e., for any k > 1 and
S1,...,8k € X

Pr {Y(Sl) < Aq,..., Y(Sk) < Ak} : A1, ..., A Borel sets,

(provided they satisfy the hypothesis of the Kolmogorov extension
theorem, i.e., tnvartance to permutation and consistent marginalisation)
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Strictly stationary processes

Definition 2. A stochastic process {Y (s): s € X'} is said if its
finite dimensional distribution functions are , l.e., for any
k>1,s1,...,8. € X and h € X we have

Pr{Y(si +h) <Ai,....Y(sp+h) <A} =Pr{Y(s1) < Ai,....Y(sp) < A},

where Aj are Borel sets.
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Second order processes

Definition 3. A stochastic process is a stochastic process whose
second order moment exists, i.e., Var|Y (s)] < oo for all s € X.

0 Working with second order processes allows to define
- the

w: X — R
s — E[Y(s)],

—  the

K: AxX—R
(5,5") — Cov{Y (s),Y (s')}.
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Weak stationarity and isotropy

Definition 4. A second order process is said , or just stationary,
if for any s,s' € X and h € X we have

pu(s+h) = pu(s), K(s+h,s'+h) = K(s,5).

Definition 5. A stochastic process {Y(s): s € X'} is said if for any
rotation matrix R, i.e., |R| =1 and R~ = RY, we have

[Y(Rs): s€ X} 2 {Y(s): s € X).
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Figure 2: Illustration of stationarity and isotropy.
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Consequences

O If a process is we have
K(s,s') = K(o,s' —s) = K(h), o
where h = s — s’ and is since v

Cov{Y (s), Y (')} = Cov{Y (s), Y (s)}. £

O If we further assume , the co-
variance function now satisfies T 2 4 h 6 : 10
K(Rh) — K(h) Figure 3: Plot of a stationary isotropic covariance
function.
= K (||R]})
= K (—||]}).
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Some parametric family of stationary isotropic correlation functions

Exponential I
p(h) = exp (—X> : A >0

p(h):exp{—(§>2}, A >0

Stable // Powered exponential
h R
p(h):exp{—(x> }, 0<k<2, A>0

Whittle—Matérn

o) = 2 (4 ke (L), k>0 As0

Gaussian
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O The Whittle-Matern family is

— As Kk — 00, it converges to the Gaussian family
— When k = 1/2, it is the exponential family

[]

The shape parameter (as usual) is
Some people suggest to considered a bunch of fixed values, e.g.,

k = 0.25,0.5,0.75, . . ..

[]
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Properties of the covariance function

Proposition 2. The covariance function K of a satisfies
0 K(h) < K(0),
O Foranyk>1, A,...., r € Rand sq,...,s € X we have

k
Z )\’L)\jK(S’L — Sj) Z 0.

1,7=1
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New from old

Proposition 3. Let K1 and Ko be two definite positive functions. Then

0 aKiy(-) + bKs(+) is positive definite whenever a,b > 0;
0 Ki(-)Ks(+) is positive definite.

Further, if {K,: n > 1} is a sequence of positive definite functions such that
K,(s) = K(s) asn — oo for all s € X, then K is positive definite.
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Figure 4: Two realisations of a random field. (Gaussian random field with a powered exponential correlation
function. Left: k = 1. Right: Kk = 2.)
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Some interesting properties

Proposition 4. Let K be the covariance function of a stationary process. If K is
continuous at the origin, then it is continuous everywhere.

Corollary 1. Under the same setting, discontinuity is only possible at the origin,
I.e.,
K(h) =cdg(h) + K.(h).

Geostatistics (vO0) Mathieu Ribatet (mathieu.ribatet@ec-nantes.fr) — 20 / 62


mailto:mathieu.ribatet@ec-nantes.fr

ULt PREM THE Eoom, THE Bau J.ql FALE ﬂul

‘f..h_ NICOLA PAPA BOOTLEG €D
Jﬂ W

N
'F.I‘

Geostatistics (vO0) Mathieu Ribatet (mathieu.ribatet@ec-nantes.fr) — 21 / 62


mailto:mathieu.ribatet@ec-nantes.fr

Nugget effect

0 This potential discontinuity at the origin is called the n, I.e.,
h=20
K(h) — /r, —|_ 7-7 Y
Tp(h), h>0,

where p is a correlation function.
0 The nugget effect may have two possible interpretations:

— error in measurements, i.e., Y(s) = S(s) + (s)
— spatial variation on a scale smaller than the minimum distance between
measurements (if no replicate)
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Figure b: lllustration of the nugget effect, the sill parameter and the practical range.
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Continuity in L?

Definition 6. A stationary process Y () is said to be if
E[{Y(0) = Y(WP| —0,  [h] =0,

Theorem 1. A stationary process is quadratic mean continuous if and only if the
covariance function is continuous at the origin.
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Example: L? continuous but not a.s. continuous
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Figure 6: Realization of a Lo—continuous process whose sample path are not continuous a.s.
Z(s) = X1(s) I(s) =inf{i > 1: & > s},

whith {&: i > 1} ~ PPP(1) and X; " Ber(p).
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Mean square differentiability

Definition 7. A stationnary process Y () is L? differentiable if there exists a
process D(-) such that

Y(s+h)-Y ?
E { (HW)LH (5) —D(s)}} } —0, [l =0
The process D(-) is then called the of Y(-) and will

be naturally be written

Proposition 5 (Bartlett, 1955). A stationnary process is mean square
differentiable if and only if ~v is twice differentiable at its origin. The mean square
derivative process has covariance function h — —K" (h).
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Processes with stationary increments

Definition 8. A stochastic process {Y (s): s € X'} is said to have
if for all h € X, the distribution of the process
{Y(s+h)—Y(s): s€ X} is the same as {Y (s): s € X'}.

0 The motivation for using stationary increments processes is that we are

O We can even work with and simply assume

VarlY(h) — Y (0)] < oc.
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Example 1. Consider the following defined on X = Z
Y(s4+1)=Y(s)+ess1, &5 S N(0,02).

It has indeed stationary increments since

h—1 h—1

Y(s+h)-Y(s) =Y {Y(s+h—j)=Y(s+h—j—1)}=) exnj~N(0,ho?).
7=0 —(s+h—j) =0

but is . Even worse we have Var{Y (s)} — o0 as s — 0.
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Semi—variogram

O The IS @ summary statistic of the spatial dependence
function for at most
O To get an analogue for we rather consider the
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Figure 7: Bounded (left) and unbounded (right) semi—variograms.
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Some isotropic stationary correlation functions and variograms

Family p(h) ~v(h) Support
Exponential exp (—h/N) 1 —exp(—h/\) A>0
Gaussian exp{—(h/)\)Q} 1 —exp{—(h/)\)z} A>0
Stable / Powered exponential exp{— (h/N)"} 1 —exp{—(h/AN)"} A>0,0<k<2
Whittle-Matérn Z S (9K () 1-2 5 (9 Ke (%) A>0,6>0
Fractional — (h/X\)" 0<Kk<2
0 The parameters A and « are known as the and parameters.
O Associated covariance functions are derived using a l.e.,
v(h) =7p(h), T>0. (7 =K(o))
O The and parameters drives respectively the
and
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Proposition 6. Let Y (-) be a process with stationnary increments, s, ...
,Ax € R such that 3%

and M\, ...

£ <

Var <

Z)\YSJ

\]1

2:)\)/8‘7

| J=1

A; = 0. Then

, S € X
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Descriptive analysis

0 Before trying to model the data we need to check whether the data can safely

be assumed stationary / isotropic / ...
O Essentially we start with which, four our context, consists

N

— checking for any trend in the mean function s — pu(s)
— Inspecting the semi—variogram.

O The first stage is very simple. Just plot data w.r.t. some covariates, e.g.,
longitude, latitude, ...
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Ca20 data set.
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Ca20 data set.
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Empirical variograms

O Given some data D, = {Yi(s;):i=1,...,n, j =1,...,k}, we easily estimate
the semi—variogram

2
(hje) = 5~ Z{Y sj) = Yi(se)}* s hje=llsj — sell-

0 We may have n = 1 so that the above estimator has and we
rather use a l.e.,

p) 2|Bb\ Z Z {Yi(s5) = Yi(s0)} Ljs,—sclleBy-

1=1 5,4=1

where {By: b=1,...,B} is a partition of (0, maxh;,) and hy is the centroid
of Bb.
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Figure 8: Empirical variograms. Left: raw. Right: binned.

The above estimator makes sense only if your data can be considered as
or at least with
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Least square fitting of a variogram

Suppose we have fitted a mean function, e.g., from linear models.
We can fit any parametric variogram (-;1) minimizing using the (weighted)
least square estimator on the empirical variogram 4, i.e.,

O

A

Y =argmin Y wjg {3(hje) —v(hje)}.

vev i

O The two fitted quantities are all we need to enable predictions!
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Figure 9: Least square fitting of a parametric variogram on the Calcium data set.
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0 Prediction of Y (s.) based on obser-
vations Y (s1),..., Y (sg).
0 Restriction to
l.e.,

k
V(50 = YAV (s)

with E[Y (s.)] = pu(s4).
O Estimator is the one minimizing the

mean squared error, i.e.,

Y (5,) = arg min B [{T Y (s,))?
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(Universal) Kriging

(0 There are several type of kriging:

Simple u(s) =0

Ordinary u(s) = m, m unknown parameter

Universal x(s) = x(s)' 3 ,3 unknown parameter, x(s) vector of covariates,
Co-kriging Y is multivariate

and their intrinsic counterpart.
O for Y (s«) are available but not given here (nasty).
O We can also get expression for the l.e.,

Var{f/(s*) _ Y(s*)}.
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Figure 10: Kriging estimator (left) and kriging standard error (right) for the Caso data set.
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Exercise 1. Let {Y (s): s € X'} be a stationnary process with (fitted) variogram ~.
We have observed a realization of this process at locations s1,...,s: € X and get
Y(sj) =vy;, j=1,...,k. We consider the kriging estimator at s, € X

k
— ZAjY(sj).

1. Find the expression of the ?
2. What about the kriging error variance, i.e., Var{Y (s,) — Y (s)}?
3. Find the conditions on the A;’s to ensure that the IS

iIndeed unbiased.
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Change of support

O Our focus is now to estimate the following

Y (S) = ‘—;‘/SY(s)ds, Scx, (1)

where |S| is the volume of the subset S.
O One can simply use a based on the kriging estimator, i.e.,

A A

1 ~
Yoiugin(S) = &l LY(s)ds, Y (s) kriging estimator at s

0 However the integral would still have to be discretized
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Block kriging

Exercise 2. Let {Y(s): s € X'} be a stationnary random field, so € X and S C X.
1. Show that

K(sy, S) i= Cov{Y(s,), Y (S)} = ‘—;‘ /S K (so — 5)ds.

2. Give the ordinary kriging estimator for Y (.5).
3. Give an expression for the kriging variance.
4. How would you implement it in practice?
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Gaussian distributions (reminder)

Definition 9. The defined on R? d > 1, has
probability density function

f(Y)=(27T)_d/2|§3|_1/26><p{—%(y—#)TE_l(y—u)}, y eRY (2

where 11 € R? is the and ¥ € My(R) is the

Geostatistics (vO0) Mathieu Ribatet (mathieu.ribatet@ec-nantes.fr) — 47 / 62


mailto:mathieu.ribatet@ec-nantes.fr

Gaussian processes

Definition 10. A {Y(s): s € X} is a stochastic process whose
finite dimensional distribution functions are multivariate Gaussian.

Proposition 7. A Gaussian process is completely characterized through its
and
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Figure 11: Numerical illustration of a Gaussian process.
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(semi) Definite positive functions

Definition 11. A function f: s € R? — f(s) is said to be
if it is and

ATAA>O, A:(ai,j:f(Si—Sj)l’l:,j:]_,...,d), $1,...,£UpERd,

for any non—zero vector A € RP. |t is semi definite positive if the above inequality
IS not strict.
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Fitting a Gaussian process

0 Having observed n independent observations at k£ spatial locations, i.e.,
D, ={vi(sj):i=1,...,n,5=1,...,k} s1,..., sk, we define the
as

nd
K(Mﬁ;pn) — _7 10g(2ﬂ') Y log ‘Z ‘ Y Za S Y’L
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Parametric assumptions

0 The above likelihood has some flaws:

— it has to estimate which is typically too large;
— at a new location s, since both mean and
covariance function cannot be computed at s..

1 Hence we further on

— the mean function u(s), e.g.,

u(s;B) =x(s)' B,

where x(s) is a vector of additional covariates at s and 3 a parameter
vector to be estimated.

— the covariance function (s, s") = (s, s’;4) using some prescribed
parametric expressions as the ones presented earlier.
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Non isotropic/stationary covariance functions

[]

[]

Defining non isotropic / stationary covariance functions is a current research

field and is far from being trivial.
A quick and dirty way to get non isotropic covariance functions is to use any

isotropic correlation function on a given by

d: X — X'
s > (83 k),

for some prescribed parametric one—one mapping ¢(-; k).
A specific case, known as , Is to set

s =Clels. Ol = [t~ Sl |1 0,

SInk{ COSK1 0 kK,

K1, ko are respectively the anisotropy angle and ratio.
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Interpolation

0 As usual the best estimator we can reached (in a L? sense) is the conditional
expectation, I.e.,

Y(s.) =E{Y(s:) | Y(s1),...,Y(s)}.

[]

For the Gaussian case, the conditional expectation is in the Y'(s;).
Hence the above estimator is actually the !

[]
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By the way. ..

[]

What if my data are , e.g., rainfall amount.

A quick and dirty way is to work on a , e.g.,
log Y (), so that Gaussian is a sensible choice.

0 One widely used choice for positive variable is the

[]

yr—1 A\
S [ a0
logy, A=0.

0 However it implicitly assumes that the data are stationary so you need to
remove any trend first to estimate the shape parameter A in the Box—Cox
transformation.
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(Unconditional) Simulations

O It is rather straightforward to simulated Gaussian process at a moderate

number of locations, e.g., kK < 3000, from the of the
covariance matrix.
0  More precisely for any s = (s1,...,s5) € X, we have

Y(s) S u(s)+C(s)Te,  X(s)=C(s) C(s),

where € is a vector of k£ independent standard normal random variables.
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Figure 12: Two realizations of a random fields with a powered exponential correlation function. Left: k = 1.
Right: k = 2.
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Conditional simulations

Estimating from kriging may be too smooth.

can be used to get Monte Carlo estimate (and thus the
entire distribution) of it.
0 Conditional simulations are random simulations that ,
e.g., simulating from

O

Y(se) [ Y(s) =y,

where y is the vector of held fixed values at prescribed location s.
O Under the Gaussian setting, one can use the decomposition

~

d ~
Y(s:) [1Y(s) =¥} = Yiriglss) +Y(5x) = Yirig(ss) ,
N—— SN——
kriging of Y’ kriging of Y

where Y is an independent copy of Y.
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Figure 13: Comparison between conditional simulations and kriging. Right: length of the curve estimated

from kriging and conditional simulations.
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Figure 14: Comparison between kriging (left) and a conditional simulation (middle). Right: absolute
difference of the two.
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Figure 15: Left and middle: Two sampled level sets with u.;; = 60. Right: Distribution of the expected
level set area from conditional simulations (histogram) and kriging (vertical line).

IZ" As expected, the kriging—based estimator underestimates.
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This is the end. ..
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