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1. Abstract

The Kaplan-Meier theater is an interactive teaching lesson which lasts about one

hour. It is designed for a class of at least 16 students. The aim is to base an intuitive

understanding of how the Kaplan-Meier method deals with right censored data on an

unforgettable experience. The idea is to illustrate Efron's re-distribution to the right

algorithm based on data collected during the class. The students will learn why naive

summaries of right censored survival data can lead to wrong conclusions. The theater

also explains the main assumptions underlying the Kaplan-Meier method and why it

fails in situations with competing risks.

2. Introduction

In this article I present the concept for an interactive teaching lesson about one

of the most important statistics of medical and epidemiological research: the Kaplan-

Meier estimator. The idea occurred to me in the early in morning of the third day

of a three day course on statistics for medical researchers. On the very same day

the Kaplan-Meier theater had its premiere. This is to say that the lesson does not

require a lot of preparation and that it is useful to ease teaching of a complex statistical

topic to students without a strong background mathematics. However, the material is

also useful for students of (bio-)statistics who usually otherwise only learn about the

product-limit formula of the Kaplan-Meier estimate. Over the years I have received

highly positive feedback from students with all kinds of backgrounds. In addition of a

class with at least 16 students, only few items are needed to perform the lesson (see

Appendix A).

Date: October 9, 2014.
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3. On the Titanic

After some introductory slides about the di�erent aims and the main parameters of

survival analysis, the next LATEX beamer slide (see Appendix B) announces the theater.

In the following I am the teacher and text in italics refers to what I would say during

the class. I start by asking: Are you ready? People are looking curious and some a little

scared, but usually everyone is nodding agreement. The original and most successful

form of the story to be told is the following.

We are all on the Titanic, and the Titanic is going down. Once under water, one

has to hold the breath. But for how long can you do this? Every second person in

the room will participate as an actor in the theater. The nearest not participating

neighbors will act as timekeepers and count the number of seconds the participants

can hold their breath. For this exceptional purpose the idea of equipping every civilized

person with a mobile phone is very useful. However, we will not all start simultaneously.

Because the Titanic is sinking slowly, the participants touch the water for the �rst time

at di�erent time-points. This is to mimic the situation of a clinical trial where patients

meeting the inclusion criteria are not enrolled on the same day but within an accrual

period which can last several years. The accrual period of our theater will last about

50 seconds. As soon as each participant has found a timekeeper, I will start the trial.

For this I have this vintage sports stop watch. When I knock on the �rst table at which

the �rst participant is sitting, the trial has started. At this sign the �rst participant

starts holding the breath. About �ve seconds later, I knock on the next table, hereby

enrolling the second participant. In this way I move through the classroom until all

participants are enrolled and have started to hold their breath. This is the end of the

accrual period. The participants continue to try to hold their breath until I say �stop�.

This is the end of the follow-up period of the trial. So the individual follow-up period

stops for all participants at the same time point. We can imagine that the person who

was recording the data on the Titanic had to save herself at some critical time, and

thus only data are available up to this time. In the case of a clinical trial the stop-time
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is usually the time of statistical analysis.

Then we will collect the data. A participant who was not able to hold the breath until

the stop-time is said to have �drowned�. For those who have �drowned� we will need

the number of seconds between enrollment and the moment when they cannot hold

their breath. A participant who was still able to hold the breath at the stop-time is said

to have �survived�. For those who �survived� we will need the number of seconds until

the end of the trial. Once everyone is set and ready, we start to let the Titanic sink.

Numbers of participants between 8 and 12 work well. The aim is to have a mix-

ture of participants who experience an event within the study period (�drowned�) and

participants who do not (�survived�). The event time is right censored for those who

�survived�. In a given class of students the outcome will depend on the athletic condi-

tion and personal ambition of the students and is generally hard to forecast. However,

the results are in�uenced by the enrollment process. If the last person enrolled looks

strong, then this person will likely contribute with a small right censored event time.

Useful results are expected, and were achieved in previous performances of the theater,

when the trial is stopped about 90 seconds after the �rst person was enrolled, that is

about 40 seconds after the end of the accrual period. To be sure that there are at least

some events one can arrange with the participants that they raise an arm as soon as

they cannot hold the breath anymore.

4. When simple summary statistics fail

Participants who �drowned� write the number of seconds with at most one decimal in

large red colored letters on a large (letter size/din A4) piece of paper. Participants who

�survived� write the number of seconds in large green colored letters. All participants

take their piece of paper and come to the front.

Ideally, the �participants� can be lined up in front of the rest of the class, such that

the teacher (you) can still write on a broadly visible part of the board.
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The �rst task is that you sort the line of participants from left to right in increasing

order of the number of seconds.

This action is sketched in Figure 1. Once the participants have ordered, the �rst ques-

tion goes to the people who are still sitting (timekeepers and other non-participants).

Here are proposals for the �rst question:

Figure 1. Comic of the results of a Kaplan-Meier theater. The upper
panel illustrates the situation when the participants have lined up in
front of the board. The lower panel shows the same participants when
they have ordered themselves according to the number of seconds. It
is a convention of survival analysis that in case of a tie between an
event time and a censored time, the event time comes �rst. That is
why in the lower panel the person with the red 42 seconds is standing
to the left of the person with the green 42 seconds.

Based on the data that you see,

• what is the probability to survive 40 seconds?

• what is the median survival time?

• what is the mean survival time?

The aim of the �rst question is to obtain a wrong answer. Thus, in order to increase

the likelihood of receiving a wrong answer to the �rst of the proposed questions there

should be at least one of the participants lost to follow-up before 40 seconds. Note that

the answer to the mean survival time is always wrong when there is at least one green

number. If really no one is willing to give a wrong answer, one can anyway proceed by

asking:
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Why would it be wrong to estimate the probability to survive 40 by the relative

frequency of participants who have more than 40 seconds on their piece of paper?

After some re�ection someone in the class will discover the problem, namely that

for the participants who have a green number of seconds which is smaller than 40,

it is unknown when the event happened. The teacher will then introduce that the

Kaplan-Meier method solves this problem.

5. The algorithm in action

The following description of how Efron's re-distribution to the right algorithm works

is tailored to the data shown in Figure 1. On the board we draft a table with the

following columns: Time, Number at-risk, Number of events, Number lost to followup,

Survival probability (%). Then we �ll the �rst row with the data at time zero. See

Table 1 for the �nal version which is obtained at the end of the theater.

5.1. Participant number 1. We address the �rst participant, i.e., the person standing

most to the left in the lower panel of Figure 1:

You have �drowned� after 27 seconds. At the time where you have �drowned� all

other 8 participants were still alive and still in the study. In a sample of 9 participants

each participant weighs 1/9. The value 1/9 is the probability mass assigned to each

participant. Thus, at 27 seconds the Kaplan-Meier estimate of survival drops from

100% by 1/9 and takes on the value 88.9%. Please take your piece of paper and

sit-down.

These statements can as well be obtained by communicating with the audience. No

matter how they are obtained, they lead us to write the second line of the table (see

Table 1).

5.2. Participant number 2. Now we address the second participant:

You �survived� 35 seconds, and then we lost track of what happened to you. The

Kaplan-Meier method assumes that you �drowned� at a later time point (there are no



6 THOMAS ALEXANDER GERDS

competing risks). The Kaplan-Meier method assumes that your survival probabilities af-

ter 35 seconds are equal to the survival probabilities of the remaining seven participants

standing to your right. Under these assumptions it is consistent that your contribution

to the Kaplan-Meier estimate occurs at time points later than 35 seconds. This is done

by distributing your probability mass to the right. Note that all the remaining seven

participants standing on your right hand side have a time greater than 35 seconds. You

tear your piece of paper into seven equally large pieces and then you give one piece to

each of the remaining seven participants.

In order to aid the computations at later stages of the algorithm, the participant

can write the fractional weight of the distributed paper pieces on the back side of each

of the 7 pieces of paper, i.e., 1/9 × 1/7. However, it is good training for the memory

and it saves time not to do so. Appendix C provides some R-code which provides the

details of the computations for a data set.

When you have done this you may sit down. The Kaplan-Meier estimate does not

change at this time, and the following data are written into the third line of our table:

35, 8, 0, 1, 88.9%.

5.3. Participant number 3. Participant number 3 has �drowned� after 39 seconds.

Thus, the value of the Kaplan-Meier estimate is reduced by 1/9 at 39 seconds. However,

it may be that participant number 2 has also �drowned� in the period between 35 seconds

(were we lost track of his fate) and 39 seconds. To take this possibility into account

the Kaplan-Meier estimate drops not just by 1/9, which is the weight of participant

number 3, but in addition drops by the weight of the piece of paper that participant

number 3 has received from participant number 2. Thus, at 39 seconds the Kaplan-

Meier estimate of survival is reduced by the weight corresponding to the total amount

of paper participant number 3 has in his hands:

1/9︸︷︷︸
own contribution

+ 1/9× 1/7︸ ︷︷ ︸
contr. from participant no. 2
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5.4. Participants number 4 and 5. The action for participant number 4 is similar to

that just performed for participant number 3. The contribution of participant number

4 leads to a drop in the estimated survival probability at 42 seconds of 1/9+1/9×1/7.

You (participant number 4) may take the two pieces of papers with you and sit down.

Before we can write the fourth line of the table we need to deal with participant

number 5 because she has the same number of seconds on her piece of paper as

participant number 4. This is called a �tie�. In case of a �tie� the convention of survival

analysis is that events occur before loss of followup.

Participant number 5 has �survived� 42 seconds. In order to account for that she

will drown at a later time-point the Kaplan-Meier method distributes the probability

mass of participant number 5 in equal pieces to the remaining four participant who

are standing on her right hand side. Importantly, you (participant number 5) need to

distribute both you own paper (which weighs 1/9) and also the piece of paper that you

received from participant number 2 (which weighs 1/9 × 1/7). When you are done,

you can sit down and �nally we can write the fourth line of the table.

In order to facilitate the computations, participant number 5 can write the weight of

the distributed paper pieces on the back sides of the papers that she distributes to the

remaining four participants. Thus, she would write 1/9× 1/4 on each of the 4 pieces

into which she divided her own paper, and 1/9 × 1/7 × 1/4 on each of the 4 pieces

into which she divided the piece of paper that she received from participant number 2.

5.5. Participant number 6. You have �drowned� after 51 seconds. Now, the Kaplan-

Meier estimate takes into account that maybe participants number 2 and 5 have

drowned until 51 seconds just this was not observed. Thus the Kaplan-Meier esti-

mate drops by the total weight of the paper participant number 6 is holding in her

hands. As soon as you (or someone else) has counted the total weight of the four

pieces of paper, you may sit down.
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For the convenience of the reader, here is the computation:

1/9︸︷︷︸
own contribution

+ 1/9× 1/7︸ ︷︷ ︸
contr. from part. 2

+ 1/9× 1/4︸ ︷︷ ︸
contr. from part. 5

+ 1/9× 1/7× 1/4︸ ︷︷ ︸
contr. from part. 5 via part. 2

5.6. Participants number 7, 8 and 9. Participant number 7 has �survived� for 67

seconds. In order to account for that you will �drown� at a later time-point you give

half of the pieces of paper to each of the remaining 2 participants. Then, you sit down.

Participant number 8 has �survived� for 70 seconds. In order to account for that

you will �drown� at a later time-point you give all the pieces of paper to the remaining

participant. Then, you sit down.

Participant number 8 has �survived� for 75 seconds. Since, no one is left on the right

all we can do is stop the Kaplan-Meier estimate at 75 seconds. You take all the pieces

of paper with you. The weight of these papers re�ect the value of the Kaplan-Meier

estimate at the latest time-point where it is de�ned. Note that if the last participant

would have �drowned� then the Kaplan-Meier estimate would have dropped all the way

down to the value zero.

6. The Kaplan-Meier plot

After the action of the theater, I repeat the assumptions of the Kaplan-Meier method

(see next section), and then I would usually hold a co�ee break. This allows the

participants to catch up and copy the data from the board. The data from the speci�c

Kaplan-Meier theater outlined in the previous section are summarized in Table 1. Based

on the data I draw the Kaplan-Meier graph on the board (see Figure 2). While doing

this I discuss each step of the line, and mark the line at the time points at which

subjects were lost to follow-up (right censored). It is useful to pronounce that and

repeat why the step size of the Kaplan-Meier graph is increasing over time. Finally,

I ask the students to look at the �gure and read o� the answers to the introductory

questions:

• What is the probability to survive 40 seconds? Answer: 76.2%.
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Table 1. Kaplan-Meier analysis of the data shown in Figure 1.

Time
Number
at-risk

Number
of
events

Number
lost to
followup

Survival
probability
(%)

0 9 0 0 100
27 9 1 0 88.9
35 8 0 1 88.9
39 7 1 0 76.2
42 6 1 1 63.5
51 4 1 0 47.6
67 3 0 1 47.6
70 2 0 1 47.6
75 1 0 1 47.6

• What is the median survival time? Answer: 51 seconds.

• What is the mean survival time? Answer: not estimable.

7. Discussion

The Kaplan-Meier method (Kaplan and Meier, 1958) makes three important as-

sumptions. The �rst is that everyone in the population will experience the event of

interest. This assumption justi�es the re-distribution of probability mass to the right

algorithm which is due to Efron (1967). This assumption implies that there are no

competing risks. For example, in the context of the story supporting the Kaplan-Meier

theater the assumption rules out the possibility that a lifeboat comes to save �drowning�

people. In the more relevant context of a medical study on the occurrence of an event,

say the development of cardiovascular disease, the Kaplan-Meier assumption rules out

the possibility that the patients can die in a state which is free of cardiovascular dis-

eases. It should be clear for anyone who witnessed a Kaplan-Meier theater that the

Kaplan-Meier method is biased if it is applied naively in the presence of competing

risks. A subject who experiences a competing risk will not experience the event at a

later time point. E.g., a participant who is saved by a lifeboat will not �drown� and a

patient who died from cancer can not su�er a cardiovascular disease after death. Thus,

if one would re-distribute the probability mass to the right of a subject who experienced

a competing risk then this would lead to a systematically to low survival probability
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Figure 2. Kaplan-Meier graph based on the data from the comic of
the theater shown in Figure 1.

at later time points. Unfortunately, this mistake has been made many times (see e.g.

Southern et al., 2006).

The second assumption is that it makes sense to estimate the average (marginal)

survival distribution in the population. This assumption is re�ected during the theater

where subjects who were lost to followup distributed the same amount of the probability

mass to all subjects standing to the right, irrespectively of the gender, lung volume or

a Viking gene of these subjects.

The third assumption is that there is no information contained in the fact and time

that a person is lost to followup about the future of this person. Indeed, the idea of

distributing the probability mass is strongly relying on that a subject who is event-free

at the end of followup has the same future survival chances than the remaining subjects
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standing to the right. This assumption is often called independent censoring and the

censoring mechanism which determines the probability that a subject is lost to followup

is called non-informative (Andersen et al., 1993). This assumption can be relaxed, so

that the censoring mechanism is allowed to depend on the covariates. In the context

of the Kaplan-Meier theater this would mean that women with a high lung volume

who are lost to followup are distributing their probability mass only to the remaining

women who also have a high lung volume. A corresponding extension of the Efron's

re-distribution to the right algorithm is described in Malani (1995).
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8. Appendix A

The following items are needed to perform the Kaplan-Meier theater:

• A stopwatch (or another time tracking device)

• A bunch of red and green text markers.

• About 10 pieces of paper.

• About 10 mobile phones (or 10 other time tracking devices).

• A white or black board.
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9. Appendix B

The Kaplan-Meier theater

I Discover what goes wrong with simple statistics applied

naively to censored survival times

I Obtain an intuitive understanding of how the Kaplan-Meier

method works

I Compute the Kaplan-Meier estimate

I Discover that and how the censored observations enter into

the statistic

I Note the assumptions, limitations and interpretation of the

Kaplan-Meier method

1 / 1

Figure 3. Beamer slide introducing the Kaplan-Meier theater

10. Appendix C: R code

source("http://staff.pubhealth.ku.dk/∼ tag/download/redist.R")

f ← redist(time=c(27,35,39,42,42,51,67,70,75),

status=c(1,0,1,1,0,1,0,0,0))

Kaplan-Meier estimate via re-distribution to the right algorithm:

Subject 1:

---------------------------

Survival before = 100%

Event at time = 27

Contribution to Kaplan-Meier estimate:

fractions value

own contribution 1/9 0.1111

sum 0.1111

Survival after = 100% - (1/9)
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= 100% - 11.11% = 88.89%

Subject 2:

---------------------------

Survival before = 88.89%

No event until time = 35

Re-distribute mass 0.11 to remaining 7 subjects

Survival after = 88.89%

Subject 3:

---------------------------

Survival before = 88.89%

Event at time = 39

Contribution to Kaplan-Meier estimate:

fractions value

own contribution 1/9 0.11111

from subject 2 1/9*1/7 0.01587

sum 0.1270

Survival after = 88.89% - (1/9 + 1/9*1/7)

= 88.89% - 12.7% = 76.19%

Subject 4:

---------------------------

Survival before = 76.19%

Event at time = 42

Contribution to Kaplan-Meier estimate:

fractions value

own contribution 1/9 0.11111

from subject 2 1/9*1/7 0.01587

sum 0.1270

Survival after = 76.19% - (1/9 + 1/9*1/7)
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= 76.19% - 12.7% = 63.49%

Subject 5:

---------------------------

Survival before = 63.49%

No event until time = 42

Re-distribute mass 0.13 to remaining 4 subjects

Survival after = 63.49%

Subject 6:

---------------------------

Survival before = 63.49%

Event at time = 51

Contribution to Kaplan-Meier estimate:

fractions value

own contribution 1/9 0.111111

from subject 2 1/9*1/7 0.015873

1/9*1/4 0.027778

from subject 5 1/9*1/7*1/4 0.003968

sum 0.1587

Survival after = 63.49% - (1/9 + 1/9*1/7 + 1/9*1/4 + 1/9*1/7*1/4)

= 63.49% - 15.87% = 47.62%

Subject 7:

---------------------------

Survival before = 47.62%

No event until time = 67

Re-distribute mass 0.16 to remaining 2 subjects

Survival after = 47.62%

Subject 8:

---------------------------

Survival before = 47.62%
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No event until time = 70

Re-distribute mass 0.24 to remaining 1 subject

Survival after = 47.62%

Subject 9:

---------------------------

Survival before = 47.62%

Last subject lost to follow-up event free at time = 75

Survival after = 47.62%

Summary table:

time n.risk n.event n.lost surv

1 0 9 0 0 100.00000

2 27 9 1 0 88.88889

3 35 8 0 1 88.88889

4 39 7 1 0 76.19048

5 42 6 1 1 63.49206

6 51 4 1 0 47.61905

7 67 3 0 1 47.61905

8 70 2 0 1 47.61905

9 75 1 0 1 47.61905

Department of Biostatistics, University of Copenhagen, Østerfarimagsgade 5b,

1014 Copenhagen, Denmark

E-mail address: tag@biostat.ku.dk
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