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Grading: Reinforcement

1. Go to the Gymnasium website and have a look at the environments (left panel)
Part I Q-learning // SARSA

(a) Implement both strategies on one of the following environments:
Blackjack or Frozen Lake
(b) Comment your results

Part Il REINFORCE

(a) Implement this strategy on one of the following environments: Acrobot
or Pendulum
(b) Comment your results.

Remark. No copy paste of existing code (if any) | will check it and grade 0.
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https://gymnasium.farama.org/environments/classic_control/acrobot/
https://gymnasium.farama.org/environments/classic_control/pendulum/
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What is reinforcement learning?

O Reinforcement learning denotes algorithms who learn how to make a sequence

of decisions/actions.
Once an action is taken the algorithm gets rewarded.
The algorithm hence learns from past experience and obviously aims at

maximizing the total reward.

I O
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Overall structure: Agent // Environment
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Figure 1: Schematic diagram of the environment
// agent interaction. (Taken from D. Silver)

At each time step t the agent:

— get reward R;
— get observation Oy
— executes action Ay

At each time step t the
environment:

— get action A;
— emits observation Oz
— emits reward R;i1.
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Specificities of Reinforcement learning

What makes reinforcement learning different from standard machine learning
problems?

O It is “half supervised” in the sense that we get rewarded for our actions
Time dependent, i.e., serial dependence

Actions impacts future observations

Deal with censored observations since we do not know what would have
happened if we took another decision.

O O O
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Reinforcement learning agent core

An agent is typically composed of:

O a policy 7 that controls how the agent takes action;

O value functions v or ¢ that say how good is each state and/or action;

O a model which is a parametric model of how the agent perceives the
environement.
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Two different objectives

When we make sequential decision making there are typically two different goals:

Reinforcement learning where the environment is initially unknown, the agent
interacts with it and improve its policy.

Planning where the environment is known (from a known model) so that the
agent take actions w.r.t. that model and improve its policy.
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Markov Decision Process

0 Markov Decision processes is (almost) the right mathematical object to study
in reinforcement learning.

Definition 1. A (finite) Markov Decision Process (MDP) is a tuple
M= (X, A, r,p,~v) where:

0 X and A are (finite) sets of states and actions respectively;
O 7 is a reward function

r(z,a) =E(Rir1 | Xe =z, Ay = a), re X, ace A

[0 pis a state transition kernel, given by for any 2/ € X,

p(x' | z,a) =Pr(Xpp1 =2 | Xy =2,4: =a), (z,a) € X x A.

0~ €[0,1] is a discount factor.
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Another representation of Markov Decision processes

O Sometimes MDPs are defined using a state-reward transition kernel

p(’,r|za) =Pr(Xyy1 =2, Ry1 =7 | Xy =x2,4,=a), (2',7)eX xR.

O But typically it is enough to know the above reward function

r(z,a) = E(Ri1 | Xy = 2, 4 = a).

O But if we were willing to use the above representation, clearly we have
(supposing R finite)

p(xl ‘ CE,a) — Zp(x/,T‘ ‘ a:,a)

reR
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Figure 2: An example of a Markov decision process with 3 states (Sp, S1 and S2), two actions (ag and a1)
and two rewards (+5 and —1). [Picture taken from wikipedia]
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Figure 3: Another example of a Markov decision process “mimicking a typical day at work”. [Picture taken
from Random Ant web site]
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Returns of a Markov Decision Process

Definition 2. The (discounted) return of a MDP {X', A, R,p,~} is given by

Gy = Ri41 + ZWthJth, t > 0.
h>1

0 v close to 0 leads to “myopic” evaluation
O v close to 1 leads to “far—sighted” evaluation
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Returns of a Markov Decision Process

Definition 2. The (discounted) return of a MDP {X', A, R,p,~} is given by

Gy = Ri41 + ZW}LRHHM t > 0.
h>1

0 v close to 0 leads to “myopic” evaluation
O v close to 1 leads to “far—sighted” evaluation

5" We typically set v € [0,1) to ensure that Gy is finite (provided that the rewards
are bounded). However we can set v = 1 when the state space X has absorb-
ing/terminal states, i.e., once you're there you're stuck for ever.
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Policy

Definition 3. A policy 7 is a probability distribution function over actions given

states, I1.e.,
w(a|x) =Pr(A; =a | Xy = x).

[]

The policy m completely characterizes the behaviour of an agent
MDP policies depend on the current state only, i.e.,

[]

Stochastic f
A X =2 n(-|2), Vt>0.

Deterministic

a=7(x) (or more rigourously (- | x) = d4(+)).
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Policy

Definition 3. A policy 7 is a probability distribution function over actions given

states, I1.e.,
w(a|x) =Pr(A; =a | Xy = x).

[]

The policy m completely characterizes the behaviour of an agent
MDP policies depend on the current state only, i.e.,

[]

Stochastic f
A X =2 n(-|2), Vt>0.

Deterministic

a=7(x) (or more rigourously (- | x) = d4(+)).

IZ" Most often, though not invariably, we can focus on deterministic policies.
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Value functions

Definition 4. The state—value function v, of a MDP is the expected return
starting from state x and following policy 7, i.e.,

vr(x) = Er(Gy | X¢ = o),
where [E, denotes the expectation when the agent follows policy 7.

Definition 5. The state—action—value function ¢, of a MDP is the expected return
starting from state x, taking action a, and thereafter following policy 7, i.e.,

qr(x,0) =E (G | Xy =z, A = a).

Exercise 1. Show that, for all z € X, vz (2) = >, c 41 q(x,a)7(a | x).

Proof. Hint: Ey{Ex(X | Y)} =E(X) and let Z = G, | Xu. [
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Value functions

Definition 4. The state—value function v, of a MDP is the expected return
starting from state x and following policy 7, i.e.,

vr(x) = Er(Gy | X¢ = o),
where £ denotes the expectation when the agent follows policy .

Definition 5. The state—action—value function ¢, of a MDP is the expected return
starting from state x, taking action a, and thereafter following policy 7, i.e.,

qr(x,0) =E (G | Xy =z, A = a).

Exercise 1. Show that, for all z € X, vz (2) = >, c 41 q(x,a)7(a | x).

Proof. Hint: Ey{Ex(X | Y)} =E(X) and let Z = G, | Xu. [

5" If x € X is a terminal state then v, (z) = ¢;(z,a) =0, a € A.
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Following the random policy

T~ U{CLQ,CLl},
we have

(( oo, o0, ©00), v=1.00
( 147, 455, 1.69), ~=0.90

( 0.31, 3.09, 0.45), ~=0.75
v~ ( 0.02 238 0.04), v=0.50
(—0.02, 2.01,—0.09), ~=0.25
(=0.01, 1.84,—0.13), v =0.10

)

 ( 0.00, 1.75,—0.15), ~ =0.00

Figure 4: An example of a Markov decision process
with 3 states (So, S1 and S2 ), two actions (ag and
a1 ) and two rewards (+5 and —1). [Picture taken
from wikipedia]
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Bellman expectation equation

V() = Ex {Rea1 + Yoo (Xia1) | Xe =}, r e X.

Proof.

Ur ()

E:(G: | X; = x)

Er(Riy1 +7vG1 | Xy = 2)

Er(Ri+1 + VE(G1 | Xer1, Xy =) | Xy = )
Ex(

Ex(

w(Bip1 +YE(Gepr | Xeqr) | Xe = o)
(Rev1 +y0r(Xeg1) | X = )
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Exercise 2. Consider the Markov
decision process plotted on the left
and the random policy m = U{ag, a1}.
Show that, when the discount factor
~v = 0, the value function

v = (v(Sp),v(S1),v(S2)) is indeed

vr = (0,1.75,—0.15).

Figure 5: An example of a Markov decision process
with 3 states (So, S1 and S2 ), two actions (ag and
a1 ) and two rewards (+5 and —1). [Picture taken
from wikipedia]
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Bellman expectation equation (2)

qr(x,0) = Ex {Ri11 + vqr(Xig1, A1) | Xe = 2, Ar = a}, (z,a) € X x A.

Proof. Similar idea = Homework. ]
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Bellman expectation equation (3)

O Recall the first version of the Bellman expectation equation

Ur(2) = Ex {Rpy1 + y0r (Xpy1) | Xy = 2}, reX.

0 Using matrix notation, it now writes V; = R, + vP;V,; where

Ry =Ary(x): z € X}, P ={ps(z,2'): z,2" € X}
re(x) = Z m(a | x)r(x,a), pr(z,2’) = Z m(a| z)p(z' | z,a).
acA acA

0 So that, provided it exists, we have V; = (Id — vP,)"'R,.
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Bellman expectation equation (3)

O Recall the first version of the Bellman expectation equation

Ur(2) = Ex {Rpy1 + y0r (Xpy1) | Xy = 2}, reX.

0 Using matrix notation, it now writes V; = R, + vP;V,; where

Ry =Ary(x): z € X}, P ={ps(z,2'): z,2" € X}
re(x) = Z m(a | x)r(x,a), pr(z,2’) = Z m(a| z)p(z' | z,a).
acA acA

0 So that, provided it exists, we have V; = (Id — vP,)"'R,.

5" |f we use deterministic policies, we have

7“7r($) — T(:U,ﬂ'(:l?)), pW(LU,ZU/) — p(LU/ ‘ LE,W(Q?)).

Reinforcement learning (v3) Mathieu Ribatet (mathieu.ribatet@ec-nantes.fr) — 23 / 98


mailto:mathieu.ribatet@ec-nantes.fr

How to choose policies?

O Given two policies w1 and 7y, which one should we prefer?
O Clearly it is better to follow a policy that achieves a lot of reward over the long
run, I.e.,
maximize v, (x) = E;(G; | X¢ = x)

Definition 6. We say that 7 is better than 7y (71 > m9) if
Uy () > Uy (), re X,

and it thus define a partial ordering on policies.
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Optimal value function

Definition 7. The optimal state—value function v, is the maximum state—value
function over all policies, i.e.,

V() = max vy (x), re X.

The optimal action—value function g, is the maximum action—value function over
all policies, i.e.,

g«(x,a) = max ¢, (x,a), (x,a) € X x A.

IZ" Optimal value functions characterize the best achievable performance.
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The optimal value function is

( o0, oo, oo), ~v=1.00

( )
(3.79,7.30,4.21), ~ = 0.90
(3.16,6.67,3.46), ~ = 0.75
v, ~ ¢ (2.11,5.61,2.21), ~=0.50
(1.05,4.56,1.01), ~ = 0.25
(0.42,3.92,0.40), ~ = 0.10
(0.00, 3.50,0.00), ~ = 0.00

\

Figure 6: An example of a Markov decision process
with 3 states (S1,S2 and S3), two actions (ag and
a1 ) and two rewards (+5 and —1). [Picture taken
from wikipedia]
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Theorem 1. For any Markov Decision Process,

0 there exists at least one optimal policy m, such that w, > m for all policies ;

O there is always a deterministic optimal policy (not necessarily the best one, i.e.,
random ones)

O all optimal policies achieve the optimal value function, i.e., v, (x) = vi(x) for
all x € X (by definition);

O all optimal policies achieve the optimal action—value function, i.e.,
qr, (x,0) = q«(x,a) for all (z,a) € X x A.

Proof. Admitted (but finiteness of X and A clearly helps here!) ]
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Deriving the optimal deterministic policy

O Recall that (by definition)

V() = Z m(a | z)g«(x, a).

acA

O Since there is always a deterministic optimal policy we can write

(- | ) = 04,(-), for some a, € A.

1 Hence for all x € X we have

V() = qu(x, ap) = max gy (x, a)
acX

where the last equality used the fact that v, is necessarily optimal.
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Deriving the optimal deterministic policy

O Recall that (by definition)

V() = Z m(a | z)g«(x, a).

acA

O Since there is always a deterministic optimal policy we can write

(- | ) = 04,(-), for some a, € A.

1 Hence for all x € X we have

V() = qu(x, ap) = max gy (x, a)
acX
where the last equality used the fact that v, is necessarily optimal.
0 As an aside an optimal (deterministic) policy is always given by
rl, if a = argmax q.(x,a)
(@ | x) = < acA
\O, otherwise.
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The optimal (deterministic) policy is

(not defined, v = 1.00

(a1, a0, a1), v = 0.90

(a1, a0,a1), v = 0.75

T & (a1, a0, a1), v = 0.50

(a1, a0, ao), v =0.25

N (a1, ao,ao), ~ =0.10
| ({ao, a1}, a0, a0), v =0.00

Figure 7: An example of a Markov decision process
with 3 states (S1,S2 and S3), two actions (ag and
a1 ) and two rewards (+5 and —1). [Picture taken
from wikipedia]
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Bellman optimality equation (for v,)

ve(x) = max E{Rt+1 +yvs(Xeg1) | Xe =2, Ay =a}, z€EX.

Proof. Remember that v,(z) = max,c 4 q¢r, (z,a). Hence we get:
0u(2) = max g, (2, 0)
= mC?XEW* (G¢ | Xy =2, A = a)
= max Er, (Rix1 + 7G| Xe =z, Ay = a)
= mC?XE (Rig1 + 70 (Xpg1) | Xy =2, Ay = a)
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Bellman optimality equation (for v,)

ve(x) = max E{Rt+1 +yvs(Xeg1) | Xe =2, Ay =a}, z€EX.

Proof. Remember that v,(z) = max,c 4 q¢r, (z,a). Hence we get:
0.(2) = max g (3,0
= mC?X]EW* (G¢ | Xy =2, A = a)
= max Er, (Rix1 + 7G| Xe =z, Ay = a)
= mC?XE (Rig1 + 70 (Xpg1) | Xy =2, Ay = a)

£ The Bellman optimality equation is not linear (due to the max).
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Exercise 3. Consider the Markov
decision process plotted on the left.
Show that, when the discount factor
v = 0, the optimal value function

Vi = (V«(50), v« (51), v«(52)) is indeed

v, = (0,3.5,0).

Figure 8: An example of a Markov decision process
with 3 states (S1,S2 and S3), two actions (ag and
a1 ) and two rewards (+5 and —1). [Picture taken
from wikipedia]
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Bellman optimality equation (for ¢,)

Similarly to the previous optimal equation, we can get the Bellman optimality
equation for the action—value function ¢, i.e.,

¢«(z,a) =K {Rt—H + 7£9§ﬁQ*(Xt+1>a/) | Xy =z, Ay = OL} :

Proof. Essentially the same. []
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0 Bellman optimality equation are non linear (essentially because of the max)

0 There is (almost always) no closed form solution
0 To get solution we need to use numerical methods such as:

— lterative Policy Evaluation
— Value lteration
— Value iteration
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2. Dynamic programming
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What is dynamic programming?

O Dynamic programming most often refers to algorithm strategies to
optimization problem.

Broadly speaking, it is mainly based on the divide/conquer paradigm.
Although dynamic programming has been used successfully in many situations,
keep in mind that it will not scale well for very large problems

O So why studying dynamic programming?

I O

— general knowledge
— reinforcement learning strategies has connections with it
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0 What we are going to see in the next few slides is a 2 step procedure to get an
estimate of a deterministic optimal policy.

0 This 2 step procedure is very simple and consists in

Step 1 Estimate the value function v;: the iterative policy evaluation step
Step 2 Improve the current policy 7: the policy improvement step

O Steps 1-2 are repeated in turns: it is the policy iteration algorithm.
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Step 1: Policy evaluation

0 Let m be a policy. Recall that its Bellman expectation equation is

Ur () = E{Ri+1 + Y0 (Xe1) | Xy =2}, z€X.

O Suppose the dynamic is completely known, i.e., reward function and state
transition kernel are known. How can we compute v, (-)?

O Essentially we use a fixed point strategy, i.e., for some arbitrary initial value
function vy, define a sequence {vi(-): k£ > 0} where

Up41(2) = E{Rey1 + yop(Xeqn) [ Xe =2}, x€X.

O Convergence v, — v, Is guaranteed as long as the update is a
contraction—see later.
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Iterative policy evaluation

Algorithm 1: lterative policy evaluation to estimate v;.

input : The policy 7 to be evaluated, an initial value function v and a

tolerance value € > 0.
output: An estimate v of v;.

/* To enter the while loop the first time */
1 A+ 2¢;
2 while A > ¢ do
3 Backup the current value function vgq < v;
4 for x € X do
5 L v(x) < E{Ri+1 + YVold(Xi41) | Xe = x};
6 | A< [vod(z) = v(2)]|co;

7 Return {v(x): z € X};
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Step 2: Policy improvement (Be greedy)

0 Consider a deterministic policy 7, i.e., w(z) = a.
0 We can improve 7w by acting greedily, e.g.,

n'(x) = argmax ¢ (z,a), re X.
acA

0 We get a better policy since

V() = @ (2, 71(7)) < gu(z, 7 () = B { Re1 + y0r (Xi11) | Xi = 2}
< Er{Rir1 + 76 (X1, 7' (Xe41)) | Xi = x}
< Er{Rit1 + YRip2 + V' tr (Xpgo, 7 (Xig2)) | Xo = x}
<EA{Riy1 +vRiq2+ -+ | Xy = o}

= v ().
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It works!

O What happens when our greedy improvement stops improving the policy?
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It works!

[]

What happens when our greedy improvement stops improving the policy?
In such situations, one may have a new optimal policy 7’ such that

m'(x) =n(x), v € X.

O However since 7’ is optimal and

[]

we have

Gr (T, 7T/(37)) = maﬁc Ir(x,a) = = vy (x) (deterministic)
ac

0 We have just stated the Bellman optimality equation!

vr(2) = max¢r(z,a),
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It works!

[]

What happens when our greedy improvement stops improving the policy?
In such situations, one may have a new optimal policy 7’ such that

m'(x) =n(x), v € X.

O However since 7’ is optimal and

[]

we have

Gr (T, 7T/(37)) = maﬁc Ir(x,a) = = vy (x) (deterministic)
ac

0 We have just stated the Bellman optimality equation!

vr(2) = max¢r(z,a),

O Hence 7 is a (deterministic) optimal policy.
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Policy iteration

Algorithm 2: Policy iteration.

input : A tolerance value € > 0 and initial (arbitrary) policy 7 and value function v.
output: Estimates m and v of m.« and v, respectively.

1 flag + TRUE;

2 while flag do
/* Policy evaluation */
3 A <+ 2¢;
4 while A > ¢ do
5 Backup the current value function vgq < v;
6 for x € X do
7 | v(x) < E{Rt+1 + Yvold (Xt41) | Xt = x};
8 | A lvod(z) — (@)oo
/* Policy improvement */
9 Told < 71'(513);
10 for x € X do
11 L w(x) < argmax E{R¢4+1 + yv(X¢+1) | Xt = o, Ar = a};
acA
12| flag < Lizzmyy)s

13 Return {(v(z),n(x)): x € X},
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[]

The policy iteration algorithm does not scale well

Indeed inside the outer while loop, we have a policy evalutation step which is

typically CPU demanding.

O One can speed up things by just updating the policy 7@ from a single pass over
the state x € X.

O Such a procedure is known as value iteration.

[]
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Value iteration

Algorithm 3: Value iteration.

input : A tolerance value € > 0 and initial (arbitrary) value function v.
output: An estimate 7 of 7.

A < 2¢;

while A > ¢ do

Backup the value function, vy + v;
for r € X do

L v(x) < max, E{Ri11 + vVod(Xew1) | Xe =z, Ay = a};
6 | A<« [Vold () — V()] o0;

cr A WONN =

7 Return the (deterministic) policy 7 given by

m(x) = arg n;lfx E{Ri+1 +yv(Xp1) | Xy = 2, Ay = a}.
ac
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Contraction

O Consider the Bellman expectation updating stage, i.e.,
V(%) = Ex(Re1 + yv(Xegr) | Xi = 1),
which give using vectorial notations

V' = R, +~P,V.

0 We now show that the operator T} given by V' =T, (V) is a contraction.

IT2(V1) = T (V2)lloo = [ B + 7P Vi — Rr + 7Pr V2l

= Y| Px(V1 = V2)loo
< v|IV1 — V2|l Px is a stochastic matrix,

and we thus have a contraction as long as 0 < v < 1.
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Convergence

Let V; be the value function for policy m and consider the sequence Vi1 = T (V%),
k > 0, with Vjj an arbitrary initial value function. We have

Ve = Villoo = 1T (V) = T(Vi—1)lloo <A1V — V-1l
< /VkHVW — VOHoo
— 0, k — oo,
provided that ||V — Vj||oo and v € [0,1).
In addition note that

TV & T o o T(Vy) = T YRy + vPiVo)

= R, +YP:R; + - +7"P*R. + 7" PV}
— (Id +vPr +7y°P2 +--+)
= (Id = vP;) 'Ry = V.
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0. Introduction

1. Markov Decision
Processes

2. Dynamic
programming

3. Model free
prediction and
> control

4. Going deep

5. Policy gradient

3. Model free prediction and control
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1 So far we learnt how to:

— make prediction for Markov decision processes, i.e., what will be the

(expected) return.
— control Markov decision processes, i.e., which policy should | follow?

0 There is however one (big) limitation. ..
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1 So far we learnt how to:

— make prediction for Markov decision processes, i.e., what will be the
(expected) return.
— control Markov decision processes, i.e., which policy should | follow?

1 There is however one (big) limitation. .. the state transition kernel p(z’ | x, a)
and the reward function r(x,a) were supposed to be known.
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1 So far we learnt how to:

— make prediction for Markov decision processes, i.e., what will be the
(expected) return.
— control Markov decision processes, i.e., which policy should | follow?

1 There is however one (big) limitation. .. the state transition kernel p(z’ | x, a)
and the reward function r(x,a) were supposed to be known.
O We will now see what to do in such cases using two different approaches:

— Monte Carlo learning
— Temporal difference learning (TD learning)

0 We will cover these strategies in turn.
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Monte Carlo learning

O The overall idea in Monte Carlo is to use the law of large numbers

1 — roba
“NUh(X) PFEA(X)), 0 oo,
n

1=1

where X1, Xo,... < X and E{h(X)} < oc.

To apply such approach for Markov decision processes we need thoses processes

to have terminal /absorbing states to ensure we can have independent copies.
O Hence we suppose we dispose of the following sequences of episodes

{(Xt(Z)? A§Z>7 R§21) = 07 SR 71—17;}2':1,...,77,'
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Monte Carlo Policy evaluation

We would like to estimate v, (x) = E, (Gt | Xt = x).
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Monte Carlo Policy evaluation

We would like to estimate v, (x) = E, (Gt | Xt = x).

First visit Estimator Foreach x €¢ X

n (¢)
Zizl GT' ()

1

AN

U () = > T;(x) = min{t > 0: Xt(i) = x}.

im1 Yny@)<ny

Every visit esimator For each z € X

Zizl thO Gg )1{Xt(i):37}
n Ti )
2iz1 2tto Ly

m\&L) =
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Monte Carlo Policy evaluation

We would like to estimate v, (x) = E, (Gt | Xt = x).

First visit Estimator

n (4)

U (x) =

Every visit esimator

For each r € X

> ic1 Yr(w)<T)

For each r € X

T;(x) = min{t > 0: Xt(i) = x}.

m\&L) =

Zizl thO Gg )1{Xt(i)::1:}
n Ti )
2iz1 2tto Ly

# The first visit estimator was first used as a simple “iid case” but the every visit
estimator is now preferred (proof of convergence is more difficult).
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As an aside

0 Note that

_ 1 _ 1\ - 1
X1, = — (X, — DX 1)) =1 —— | X{(no —X,.
1: - (Xn+(n—1) 1:( 1)) ( n) 1:(n—1) T+ o

O Therefore our previous Monte—Carlo estimator, as an incremental mean, can be
written as

N(Xy) « N(Xy) +1

U (Xy) < (1 — )0, (Xy) + aGy, o =
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As an aside

0 Note that

_ 1 _ 1\ - 1
X1, = — (X, — X)) =1 —— ) Xy —X,.
1: - (Xn+(n—1) 1:( 1)) ( n) 1:(n—1) T+ o

O Therefore our previous Monte—Carlo estimator, as an incremental mean, can be
written as

N(X;) + N(Xy) +1

Ur(Xy) < (1 — )0 (Xt) + aGy, o=

IZ" In case of non stationary processes, we might consider the general case where
0 < a <1, i.e., rather consider a running mean.
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Robbins Monro conditions

O In the previous updating scheme of the incremental mean, i.e.,
@W(Xt) <— (1 — @t)@w(Xt) + thGt, 0 <oy <1,

and convergence to the true value v, is not guarantee.
O Sufficient conditions for this, known as Robbins Monro conditions, are

Zozt:oo, Zat2<oo

£>0 £>0
f\)’ ;é %" However in concrete implementations we often dot not
p]{}‘i{ ;W g satisfy such conditions but set a; = a.
) \y‘ \E:r)/
M t 7w YOU
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Temporal difference learning (TD learning)

O As opposed to Monte Carlo reinforcement learning, TD learning does not
require the knowledge of transition matrix and reward function.

O Monte Carlo makes uses of complete episodes, i.e., the sample path of a
Markov decision process has reached the terminal state.

O TD learning is able to learn from incomplete episodes
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V() = Er(Regr1 + vy (Xia1) | Xp = ). (Bellman expectation)

O A temporal difference learning estimator is given by the updating scheme

O (X¢) = (1 = ) 0r(X¢) + @ {Rey1 + 70r(Xiy1) ) -

O Temporal difference learning updates v, using the estimated return
Ri1 +70r(Xip1) R Ex(Reg1 + y0r (Xig1) | Xe = ),
while Monte Carlo updates v,; from the current return

Gt ~ EW(Gt ‘ Xt = CIZ)
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Monte Carlo prediction

Algorithm 4: Every visit Monte Carlo prediction of v.

input : The policy 7 to be evaluated, an initial value function v and a step
size a € (0, 1].

output: An estimate v of v;.

1 for each episode do

2 G + 0;

3 v+ 1;

4 for each step of episode do

5 G+ G +AR; // R is current reward
6 Y =y XY

7 v(X) +— (1 —a)v(X)+ aG;

8 if X /s a terminal state then

9 L Go to next episode;

10 Return the value function v:
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Temporal difference prediction

Algorithm 5: T'D-learning algorithm to estimate v,.

input : The policy 7 to be evaluated, an initial value function v and a step
size a € (0, 1].

output: An estimate v of v;.

1 for each episode do

2 for each step of episode do

3 Select action A + 7(X); // X is current state
4 Take action A and observe reward and next state R and X';

5 v(X)+— (1—a)v(X)+a{R+yv(X)};

6 X« X

7 if X is a terminal state then

8 L Go to next episode;

9 Return the value function v;
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O Previous slides were about estimating the value function of an unknown

Markov decision process.
O We now jump to the control of Markov decision processes, i.e., estimate the

optimal policy of an unknown Markov decision process.
O There are two different situations:

on—policy where you learn about 7 from episodes sampled from ;
off—policy where you learn about m from episodes samples from 7.
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g—learning

O Recall that our greedy policy improvement (using v(x)) is given by

n'(z) = arg ijx Er(Rir1 +yv(Xen) | Xe = x).
ac

O However to compute such expectations we need to know the transition kernel
of our Markov decision process p(- | x,a).
O Using the action—value function instead we have

n'(x) = argmax q(z,a),
acA

which is model free in the sense that we do not need to know p(- | z,a) but
“just” need to estimate q(-,-).
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g—learning

Algorithm 6: The g—learning algorithm.

input : Step size a € (0, 1], an initial action value function gq.
output: An estimate 7 of ..

1 for each episode do

2 for each step of episode do

3 Select action A given X following policy derived from g; // X is current state
4 Take action A and observe the reward and next state R and X/;

5 g(X,A) (1 —a)g(X,A)+ a{R+ymax, q(X',a)};

6 X «— X/

7 if X is a terminal state then

8 |_ Go to next episode;

9 Derive the optimal policy from gq;

© The g-learning algorithm is off-policy as a at 1.6 doesn’t necessarily follow the
current policy .
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Exploration with an s—greedy policy

¢(X,A) < (1 —-a)g(X,A4) +a {R+ vmgxq(X’,a)} . A=argmaxq(X,a).
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Exploration with an s—greedy policy

¢(X,A) < (1 —-a)g(X,A4) +a {R+ vmgxq(X’,a)} . A=argmaxq(X,a).

O Being completely deterministic prevent to explore the whole space X x A

required to get accurate estimate of max q(X’, a).
0 To mitigate this issue (and to get consistent estimator) we often use a
e—greedy policy improvement where at each state X; we select action

( Discrete(.A), with probability €
A+ arg max q(X¢, a), with probability 1 — ¢
L acd
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g—learning (c—greedy)

Algorithm 7: The g—learning algorithm (e—greedy).

input : Step size a € (0, 1], an initial action value function ¢ and an exploration rate € > 0.
output: An estimate 7w of ..

1 for each episode do

2 for each step of episode do

3 U<+ U(0,1);

4 if U < € then

5 L Select action A at random in A;

6 else

7 |_ Select action A given X following policy derived from g; // X is current state
8 Take action A and observe the reward and next state R and X/;
9 q(X,A) + (1 —a)q(X,A) + a{R + ymax, ¢(X',a)};
10 X +— X/;
11 if X is a terminal state then

12 L Go to next episode;

13 Derive the optimal policy from g;
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Mountain Car problem

Deterministic Markov Decision Process

Goal: Reach the flag as quickly as possible

States: Position along the x—axis and velocity

Actions: Accelerate to the left, to the right or do not accelerate
Reward is —1 at each timestep

OO 0O
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Mountain Car: Learning stage (Q-learning)

Figure 9: Click on me to see a movie!
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Mountain Car: Optimal policy

Figure 10: Click on me again to see another movie!

IZ" Playing 500 games w.r.t. this optimal policy, we won 100% of times! Note how
the goal was reached in fewer steps than at episode 250 during the learning stage. ..
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SARSA

State Action Reward State Action is an alternative to g—learning
Algorithm 8: The SARSA algorithm.

input : Step size a € (0, 1], an initial action value function ¢ and a tolerance value £ > 0.
output: An estimate 7 of ..

1 for each episode do

2 Select action A given X following policy derived from ¢ (e.g., e—greedy); // X is initial state
3 for each step of episode do

4 Take action A and observe the reward and next state R and X/;

5 Select action A’ given X’ following policy derived from q (e.g., e—greedy);

6 q(X,A) + (1 —a)q(X,A) + a{R+vq(X', A}

7 X «— X/

8 A+ A

9 if X is a terminal state then

10 L Go to next episode;

11 Derive the optimal policy from g;

© The SARSA algorithm is on—policy as A’ at line |.7 follows the current policy .
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g—learning vs. SARSA

[]

g—learning is off-policy learning while learning.

With e—greedy strategies, g—learning estimates the optimal policy while
SARSA does not (unless you let ¢, \, 0 as t — c0)

O SARSA is more conservative, i.e., if the “optimal policy is close to a dangerous
zone" it will deviate from this optimal policy to less risk adversarial policies
(see the following slides about the Cliff example)

[]
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Start The Cliff Goal

Figure 11: Cliff walking example. Example 6.6 of Sutton and Barto.

0 Similar to the gridworld example, i.e., A = {north, south, east, west}.
0 Reward of —1 on all transition except those into the region “The Cliff"
O Stepping into “the Cliff" induces a reward of —100 and sends the agents

instantly back to the start.
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Method g-learning — SARSA

-100-

-200-

Return

-300-
-400-

~500-
0 100 200 300 400 500
Episodes

Figure 12: Performance of the SARSA and q—learning learning algorithm on the Cliff example. Settings:
discount factor v = 1, exploration rate € = 0.1 and step size o« = 0.5.
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Figure 13: Estimate

of the action—state value function q on the Cliff example using a q—learning algorithm.
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Figure 14: Estimate of the action—state value function q on the Cliff example using a SARSA algorithm.
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[0  We have learned how to estimate the state—action value function
0 However both g—learning and SARSA algorithms require to store a lookup
table
Q={q(z,a): (r,a) € X x A},
and
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[0  We have learned how to estimate the state—action value function
0 However both g—learning and SARSA algorithms require to store a lookup
table
Q={q(z,a): (r,a) € X x A},
and

O  Why not trying to estimate the mapping

g: X xA—R
(z,a) — q(z,a)

from a parametric statistical model g(z, a;6)?

Reinforcement learning (v3) Mathieu Ribatet (mathieu.ribatet@ec-nantes.fr) — 72 / 98


mailto:mathieu.ribatet@ec-nantes.fr

A kind of regression problem

O It sounds like a regression problem, i.e.,

o1
arg min §E [{q(Xt,At; 0) — q. (X, At)}Q] :
0cO

O A stochastic gradient descent on 6 thus writes

0T 0% — nfq(Xy, A 0)) — 4 (X, A)}Voq( Xy, A 6).

0 However there is a subtlety here since ¢, is unknown so that we have to
substitute it with an estimate, i.e.,

(G, Monte Carlo based estimate
G« (Xy, Ay) = ¢ Riy1 +ymaxy G(X’,a’;0%)),  g—learning based estimate
| Rit1 + vq4(Xiq1, Apga; Q(k)), SARSA based estimate
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A “by the way” slide...

0 Consider the stupid (but illuminating) situation where
q(z,a;0) = 034, re X, ac A},

l.e., as many parameters as g—values.
0 We thus have

Q(kﬂ) = 9(k> — U{Q(Xta Ay; Q(k)) — q*(Xt, At)}VGQ(Xta Ay; 9(k>)

— gk) _ n(Q(k) — Q*)Te(Xt’At), e; j7-th canonical vector,

or equivalently, using current state (X, A;),

k k
HEX—:,Qt) < (1 o U)QEX)t’At) _I_ 77q* (Xt, At)
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Recall we found that

QEI;(—:,Qt) < (]‘ R 77)95];275’141;) + Mg« (Xt, At)

But remember ¢, is unknown but if we substitute it for a g—learning based
estimate we get

k
eél;:,gt) — (1 - U)QEI)%,At) + n(R+1 + ’}/HZE}X HEX),@,))

= 4(Xe, Ar) = (1= 1)a(Xs, Ae) + 1(Reg1 + ymaxg(X', a),

which is exactly the g—learning updating scheme.
We thus recover our g—learning algorithm seen as a stochastic gradient descent.
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Deep reinforcement learning

0 A very hot topic right now is to use (deep) neural networks within a
reinforcement learning framework.

O Although it can be used for planning, i.e., estimate the value function for a
given policy, we will focus on control only, i.e., get optimal policy.

O To this aim we will try to train a neural network to approximate the
action—state value function q(x,a).

Convolution Convolution Fully connected
v v v

_n
=
<
o
°
‘3
2
o
]
o

e
==
oo
e

o] [ [a] [l L
1
CCEEEEELEL A
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Figure 15: lllustration of the use of a neural network to estimate the q function for Atari games. [Figure
taken from Mnih et al., 2015]
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Algorithm 9: A basic Deep Reinforcement g—learning algorithm.

input : Step size a € (0, 1], an initial neural net weight 6.
output: An estimate 7 of ..

1 for each episode do
2 Select action A given X following policy derived from ¢ (e.g., e—greedy) ; // X is initial
state
3 for each step of episode do
4 Do a forward pass to compute q( X, A;0);
5 Take action A and observe the reward and next state R and X/;
6 Do a forward pass to compute q(X’,a’), a’ € A;
7 Perform backpropagation to compute Vyq(X, A;0);
8 Update the neural net parameters
0 < 6 —n{q(X,A;0) — R —ymax, q(X',a’;0)} Voq(X, A;0);
9 X « X/
10 if X is a terminal state then
11 |_ Go to next episode;

12 Derive the optimal policy from g;
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0 The previous algorithm has weaknesses and is unlikely to converge due to:

— serial dependence within episode
— the use of ¢ in place of g.

[0 Current workaround to fix these issues are:

— Experience replay
— Fixed g-target
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Experience replay

O Simple idea just store past history within a buffer
B — {(XZ, Ai, RZ'_|_1, Xi—I-la Ai—l—l): 1 =1 — B, . ,t}.

O Sample uniformly, possibly using batches, from the buffer B to update the
gradient in our stochastic gradient descent.

0 By doing so you clearly reduce serial dependence.
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Fixed ¢—target

9%9—77{ —R—vmf}XQ(X’,a’;@)}WQ(X,A;G)

0 This update may cause troubles since ¢(-, ;) is used both for:

— estimating q(-, -);
— computing the gradient

[]

Further there is no guarantee that it yields a contraction. ..
One way to mitigate this side effect is to use two separate networks:

[]

A target network used for prediction, i.e., the R+ ymax, q(X',a’;0) part;
A ¢ network used for estimation, i.e., the part;

O Both nets share the same architecture but the target network parameters are
updated every (' iterations by using that of the g network.

Reinforcement learning (v3) Mathieu Ribatet (mathieu.ribatet@ec-nantes.fr) — 80 / 98


mailto:mathieu.ribatet@ec-nantes.fr

Algorithm 10: Deep Reinforcement g—learning algorithm.

input : Step size a € (0, 1], an initial neural net weight 6.
output: An estimate 7 of ..

1 Allocate the size of the replay buffer 5;

2 Initialize the g estimate from the g network using random weights 0;

3 Initialize the ¢ prediction from the target network with weights 6 =6,

4 for each episode do

5 Select action A given X following policy derived from ¢ (e.g., e—greedy);
6 for each step of episode do

7 Take action A and observe the reward and next state R and X/;

8 Do a forward pass to compute q( X, A;0);

9 Store sequence {(X, A, R, X’)} in buffer B;

10 Sample random (mini batch of) transitions in B;

11 Compute predictions {G(X’, a; é) a € A} using a forward pass from the target network;
12 Update the g network weights using a single gradient descent step.
13 Every C' steps, reset 0 = 0:

14 X «— X/
15 if X is a terminal state then

16 |_ Go to next episode;

17 Derive the optimal policy from g;
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Figure 16: Performance of Deep q—learning (and linear g—learning) accross various Atari games. Performance
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—random play score). [Figure

is defined as 100 x (DQN score— random play score) /(Professional tester score

taken from Mnih et al., 2015]
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Implementation details

1953
0

FLAYER I—
ENENY

0  We aim at learning ¢(X, a) using neural nets
O States are images so use of CNN highly recommended
0 Reward is the change in score
O State is a stack of raw pixels from last 4 frames. Why?
32 4xA filcers 256 hidden unics :Fullpcqnnnclmd linear
|6 Bx8B fileers e
4xB4x84
Stack of 4 previous Fully-connected layer
frames Convolutional layer Convolutional layer of rectified linear units

of rectified linear unics of rectified linear units

Figure 17: A typical CNN architecture for the Atari reinforcement learning
task. [Picture taken from Emma Brunskill lecture notes]
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Policy gradient methods

[]

So far we derive the (estimated) optimal policy based on
We now rely on parametrized policies

[]

mg(a | ) = Pr(a | z;0), re X, aé€A,

and retrieve the optimal policy maximizing
O For instance one can use gradient ascent, i.e.,

(9t_|_1 — (915 -+ UV@J(@t)

O Such approaches are called policy gradient methods.

O Note that we are working under a
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Advantages

O Optimizing w.r.t. a parameterized policy may be easier than maximizing value
functions

O Can estimate optimal stochastic policies
O May use prior or expert information on the policy through its parametrization.
0 Work with finite state / action spaces or infinite ones.
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Policy gradient theorem

Theorem 2. Taking as performance measure J(0) = v, (x,) for some xog € X and
where each episode starts at xg, we have

VJ(0) o< Y ux) > Vrla| z)gr(z,a),

reX ac A

where 1 is the policy with parameter 6, 1 is the on—policy distribution under 7, i.e.,

oz
p(x) = S @)

where n(x) = E(time spent on x).

r e X,

Proof. If enough time (but start from V.J and use the relationship between v, and
Gr-.-) []
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Towards the REINFORCE algorithm

O  We just show that

VJ(0) o< Y ulx) > Vrla|z)ge(z,a),

reX acA

0 The above expression is actually an expection w.r.t. u, i.e.,

VJ() xEr | Y Vrla| Xe)gr(Xp,a)|,  Xp~p
acA

O It is limited though since we have to marginalize w.r.t. all possible actions.
[0 Such approaches are called all-action reinforce methods (not used in practice)
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Classical REINFORCE

O How to avoid the above marginalization?
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Classical REINFORCE

O How to avoid the above marginalization?
O Doing as before but for actions we can write

VJ(0) x E, Z qr(X¢,a)Vr(a | Xt)}
Lac A

< Er |3 gn(Xpa) LN XD Xt)}

I Vﬂ'(At ‘ Xt)
Er
> _Gt 7T(Xt, At)

] : Er(Gt | Xt, Ar) = q(Xt, Ap)

0 We can thus use a stochastic gradient ascent scheme, i.e.,

VT('(At | Xt)

Pt = OO (X, A
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A Monte Carlo like learning algorithm

0 Recall our updating scheme

Vﬂ'(At ‘ Xt)
Ori1 = 0 +nGy :
+ 7T(Xt, At)
O Note that it depends on G4, i.e., the overall reward from time ¢.
0 Hence to be able to get a realization of G, the episode should be completed.
O It is thus a Monte Carlo learning algorithm as defined previously in the lecture

since we need a for the updating stage.
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Algorithm 11: REINFORCEMENT algorithm

input : A differentiable policy parametrization mg(a | x), learning rate n > 0,

initial policy parameter 6.
output: Optimal parameter 6

1 for each episode do

2 Generate a complete episode Xg, Ag, R1,...,X7_1,Ar_1, R7 following

(- |+ 00);

3 for each step of episodet =0,...,7 — 1 do

L G« Zg:t+1 Y Ry

0 <+ 0+ n’Yth lOg 7T(At | Xt, Qt);

6 Return the optimal parameter 6 and optimal policy my(- | -);
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Short corridor example (Sutton and Barto)

< > ” < —

Figure 18: Small corridor problem.

O For this problem we have:

— initial state is g and terminal state is x3;

— each move has reward —1.

— moving left at xy causes no movement;

— moving left at x; actually move at right (and vice versa).

Performance measure is set to J(0) = vg(xg).
We use the following (redundant) parametrization

I O

mo(x, right) o< exp(61), mo(x, left) o exp(62),

which is independent of x.
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Figure 19: Learning the optimal stochastic policy using a REINFORCEMENT learning strategy. Shown are
the evolution of the performance measure J(0) through iterations for different learning rates.

Reinforcement learning (v3) Mathieu Ribatet (mathieu.ribatet@ec-nantes.fr) — 93 / 98


mailto:mathieu.ribatet@ec-nantes.fr

REINFORCEMENT with Baseline

O We can generalize the REINFORCEMENT algorithm using a baseline, i.e.,

VJ(0) < Y (@)Y {gr(z,a) —b(z)} Va(a | z,0).

0 No impact on the learning since

Y vVa(alx,0) =00 VY w(a]x,0)=0b(s)V1=0.

a

O The updating stage in the gradient ascent is now

Orr1 =0 +1n{Gt — b(Xy)} Viegm(As | Xy, 0)

O A typical choice is a parameterized state value function b(x) = v(x, ).

5" Using a baseline can significantly speed up the learning stage!
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g A WO N =

7

Algorithm 12: REINFORCEMENT algorithm with baseline v(z, )

input : A differentiable policy and satet value function parametrizations

mo(a | z), 0(z,1), learning rates g > 0 and 7y, > O, initial policy and
state value parameters 6, 1.

output: Optimal parameter 6

for each episode do

Generate a complete episode {( Xy, A¢, Ry11):t=1,...,end epidose};
for each step of episodet =0,...,17 — 1 do

T e
G Y1 VT R

/* Gradient ascent for v(-;%) * /
W 4w+ Ny VO ( Xy, 9);
/* Gradient ascent for my oy

0 < 0+ nmtév 10g 7T(At | Xt, Qt);

8 Return the optimal parameter 6 and optimal policy mg(- | -);
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Figure 20: Learning the optimal stochastic policy using a REINFORCEMENT baseline learning strategy.
Shown are the evolution of the performance measure J(0) through iterations with baseline and no baseline.
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What we didn’t cover

k—armed bandit

Double ()—learning

n—steps TD methods

Eligibility traces (general model that embeds TD and Monte Carlo learning)
Actor—Critic methods (similar to REINFORCE)

For concrete applications:

I T R I o A O I O

— State aggregation (only during Labs)
— Tile coding (discretization of X)
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THIS IS THE END. ..
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